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MODELING STRUCTIJIUL DAMPIN5 FOR SOLIDS 
HAVING DISTINCT SHEAR AND DILATATIONAL 
LOSS FACTORS 
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NAVAL UNDElWATElZ SYSTEMS CENTER 
For s t e a d y  s t a t e  t i m e  harmonic problenls ( r i g l d  fo rmat  a) ,  t h e  N A S T W  pro- 
gram a s  c u r r e n t l y  conf igured t r e a t s  i n t e r n a l  s t r u c t u r a l  damping through t h e  
i n t r o d u c t i o n  of n s ing lo .  s t r u c t u r a l  e lement  damping c o e f f i c i e n t  t h a t  t y p i c a l l y  
i s  viewed as t h e  r a t i o  of  t h e  complex t o  r e a l  modulus of  e l a s t i c i t y  (E$/E'). 
For problems d e a l i n g  wi t11  two o r  t h r e e  d i m e n s i o ~ ~ n l  dynamic l i n e s r  v i s c o e l a s t i c -  
i t y  ( ~ . g .  a Kelvin-Voigc v i s c o e l a s t i c  model) ,  Llze p r e s e n t  NASTRAN c a p a b i l i t y  
cannot  d i r e c t l y  hand le  t h i s  s i k u a t i o n  where in  two independent  damping c o e f f i c i -  
e n t s  a r e  r e q u i r e d  t o  p r o p e r l y  model t h e  d i s s i p a t i o n  phenomenon. A technique i s  
presen ted  whereby t h e  u s e r  can a d a p t  t h e  standard v e r s i o n s  of NASTRAN ( w i t h o u t  
r e s o r t i n g  t o  e i t h e r  DblAP a n d / o r  PORTRAN coding changes)  f o r  t h e  purpose  of  
t r e a t i n g  thfs c l a s s  of  problem. 
INTRODUCTION 
T h i s  paper  i s  concerned wich t h e  s o l u t i o n  t o  1, 2 ,  o r  3 dimens iona l  s t e a d y  
s t a t e  ( t i m e  harmonic) s t r u c t u r a l  r e s p o n s e  problems where in  p a r t  o r  a l l  of  t h e  
s t r u c t u r e  Ls ~ o m p r i s e d  of a l i n e a r  v i s c o e l a s t i c  m a t e r i a l .  In p a r t i c u l a r ,  
a t t e n t i o n  i s  focused on t h e  r e p r e s e n L a t i o n  of the viscoelastic d i s s i p a t i o n  ( o r  
e q u i v a l e n t l y  sound a b s o r p t i o n )  p r o p e r t i e s  of  t h i s  class of  m a t e r i a l s .  Typi- 
c a l l y ,  r u b b e r - l i k e  m a t e r i a l s  f a l l  i n t o  the  c a t e g o r y  o f  i n t e r e s t .  I n  s i t u a t i o n s  
where t h e  d r i v i n g  f r e q u e n c i e s  of  t h e  a p p l i e d  l o a d i n g  i s  l a r g e ,  t h e  e f f e c t  of 
t h e  energy d i ~ s i p a c i o n  characteristics on t h e  o v e r a l l  dynamic r e s p o n s e  ( p a r t i c -  
u l a r l y  I n  wave propaga t ion  problems) can b e  s i g n i f i c a n t .  Consequent ly ,  i t  is 
impor tan t  t h a t  t h e  m a t e r i a l  p h y s i c a l  p r o p e r t i e s  are  modeled as a c c u r a t e l y  as 
p o s s i b l e .  I n  t h i s  paper ,  t h e  Kelvin-Voigt  v i s c o e l a s t i c  mode! i s  s e l e c t e d  
wherein t h e  cor respond ing  con t inuous  f i e l d  equations are g iven  by ( r e f .  (1)) 
r 
where h r , p  are t h e  u s u a l  Lame' e l a s t i c  c o n s t a n t s ;  ii, ;i a r e  t h e i r  v i s c o u s  
c o u n t e r p a r t s ;  p deno tes  t h e  mass p e r  u n i t  volume, ii i s  t h e  d i sp lacement  vector; 
t is t ime and V i s  t h e  v e c t o r  "dell '  o p e r a t o r  ( 8 j a x ,  a / a y ,  a/az) .  The steady 
s t a t e  harmonic v e r s i o n  o f  e q u a t i o n  ( I )  i s  o b t a i n e d  by s u b s t i t u t i n g  
- - +iwt 
u = u e  
0 
I n t o  e q u a t i o n  (1) which r e s u l t s  i n  t h e  form 
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where c and are t h e  complex wave speeds given by the expressions 
s d 
I n  equat ions  ( 3 ) ,  c and cd a r e  the usual  e l a s t i c  shear  and d i l a t a t i o n a l  wave 
S 
speeds, and qs and nd a r e  t h e  a s soc i a t ed  s h e r r  and d i l a t a t i o n a l  d i s s i p a t i o n  
cons tan ts ;  t hese  four  cons t an t s  sl:e r e l a t e d  t o  t h e  cons t an t s  o r i g i n a l l y  employed 
i n  equat ion (1) through t h e  re lac ior t s :  
i 
where 1 and .' are t w o  i i ldrpendcnc frc;uency dependent v i s c o e l a s t i e  cons tan ts  
which a r e  dekrrnined experirnentaliy.  The X i ,  pi constanto a r e  r e l a t e d  t o  Chz 
ii, G~ cons t an t s  of Eq (1) through the r e l a t i o n s  Xi = w ii and pi = w ci. 
Depending on one 's  viewpoint ,  t h e  p a i r  of parameter A ,  vi (or  a l t e r n a t i v e l y  
nd) can be viewed a s  t h e  two independent parameters which desc r ibe  the  
d i s s i p a t i o n  c h a r a c t e r i s t i c s  of t h e  v i s c o e l a s t i c  media. Fu r the r ,  t h e  independ- 
r " 
en t  cons t an t s  ;i , p' (o r  a l t e r n a t i v e l y  c cS)  can be viewed a s  t h e  two 
P ' 
independent cons tan ts  which d e f i n e  t h e  e l a s t i c  c h a r a c t e r i s t i c s  o f  t h e  media. 
The c u r r e n t  vers ion  of NASTRAN can t r e a t  a s o l i d  media governed by 
equation ( 2 )  by using 2 and 3 dimensional elements (e.g. CTRMEM, CQDMEM, 
CTRAPGR, CTETRA, CTRIARG t o  name a few) i n  conjunct ion wi th  both r i g i d  format 8 
and the i n t roduc t ion  o f  a l o s s  factor (e.g. t h e  GE inpu t  v a r i a b l e  on a MAT1 o r  
MAT2 card ;  t h i s  i s  r e f e r r e d  t o  as t h e  " s t r u c t u r a l  element c?mpfng c o e f f i c i e n t "  
i n  t h e  NASTRAN rntiaiual). Unfortunately,  however, t h e  u se r  can in t roduce  only  one 
independent l o s s  f a c t c r .  A s i n g l e ,  r a t h e r  than two, independent l o s s  f a c t o r  can 
properly r ep re sen t  t h e  Kelvin-Voigt model i f  t he  r e l a t i o n  
i s  n e t .  Subs t i t u t ing  equa t io s  (6)  i n to  equat ions  (5) i n  conjunct ion wi th  the  
f a c t  t h a t  the Young's modulus, E ,  i s  r e l a t e d  t o  p, A through E = p(3XS2p)/(X+p) 
y i e lds  t h e  r e l a t i o n s  
- - i r i l d  - lls - qE = E /E (7) 
Thus, t h e  a o r e  l i m i t e d  sj~*.g le  paranlctcr  l o s s  factor  c a s e  can d i r e c t l y  be  
iniplentcntatcd in NASTRLiN by assunling e q u a t i o n  (6) h o l d s  and s e t t i ng  GE = ng o n  
a blhT I. o r  MAT 2 ca rd  a s  a p p r o p r i a t e .  
The remainder  oE t h i s  paper i s  concerned w i t h  t h e  s i t u a t i o n  wherein  t h e  
v i s c o e l n s t i c  p h y s i c a l  ,onscants  are such  t h a t  r\ f r\ (i.e. the special case d s 
impl ied  by e q u a t i o n s  ( 6 )  are n o t  s a t i s f i e d ) .  A t echn ique  i s  p r e s e ~ ~ . L e d  wllich 
p e r m i t s  clle u s e r  t o  t r e a t  t11i.s nrorc g e n e r a l  case without: having t o  resu;t t o  
c i  t h e r  DPUP i n s  t r u c  t:Lons and /o r  niodil ied POIITRAN coding 1noc1 i f  icatrions t o  the 
original NASTrtAN prograin. Because of t h i s  general type  "Eix", t h e  approach 
a l s o  has a p p l i c a t i o n s  t o  o t h e r  f i n i t e  eletnenr programs having t h e  same one 
p a r a m e t e r  t y p e  d l  s s i p a t i o n  l i t n i  t a t  i o n  found i n  NASTRAN. 
IFLPLEIIENTAT ION OF TlJO PARAMETER LOSS FACTORS 
Itere we coizsider f i n i t e  e l ements  r e p r e s e n t i n g  e q u a t i o n s  (2 )  f o r  the c a s e  
vs # n d .  The f i n i t e  c lement  f o r m u l a t i o n  r e p r e s e n t i n g  e q u a t i o n s  (2)  leads t o  o 
complex set of  s imul taneous  e q u a t i o n s  t o  be so lved  of  the form (re f .  ( 2 ) )  
where [El=[-w2 r~l ] -~-fw[13]+[~]  ] 
where  CU] i s  t h e  v e c t o r  oE noda l  d i sp lacement  ampl.itudes, ( P I  i s  t h e  v e c t o r  of  
a p p l i e d  f o r c e s ,  [HI,  i s  the assembled mass matrix, [B] is t h e  asseinbled darcpinl: 
m a t r i x  and [li] i s  t h e  e l a s t i c  s t i f f n e s s  matrix. The fo rmat ion  of  t h e  mass, 
s t i f f n e s s  and n o n - s t r u c t u r a l  damping porti-on of the niacr ices  i n  Eq .  (8) Eol ow 
e x a c t l y   he same process  used i n  model ing  e l a s t i c i t y  type  probl.cnro, hence will 
n o t  be co~nn~ented on here (e.g. see r e f s .  (2,3) .  A t t e n t i o n  i s  consequen t ly  
focused  on t h e  fo rmat ion  o f  t h e  s t r u c t u r a l  damping p a r t  of  t h e  [E l  matrix; l e t  
u s  d e f i n e  [ E l n  as the i ~ ~ d i v i d u a l  element: s t r u c t u r a l  damping p o r t i o n  due  t o  t h e  
e 
c o n t l  l b u t i o n  of  t h e  eth elenlent .  NASTRAN c u r r e n t l y  Eorrns [El: from t h e  
where [KIe i s  t h e  irtdj.vidua1 elenent e l a s t i c  s t i f f n e s s  m a t r i x ,  [ C ]  i s  the  
3- 
cor respond ing  d i s p l a c w a e n t - s t r a i n  nratrix and [GI " is t he  elastic s t r e s s - s t r a i n  
r e 
l a w  mat r ix .  For i s o t r o p i c  m a t e r i a l s ,  [GI, i s  of  the form: 
where o o ... n n d ~  11' 22 1.1 * E~~ ,.. are t h e  e lement  s t r e s s e s  and s t r a i n s .  
So f a r  w e  have d e s c r i b e d ,  v i a  e q u a t i o n s  (10) and (ll), t h e  form c u r r e n t l y  
i n  NASTRAN. Next w e  c o n s i d e r  t h e  form of [FIE we  would l i k e  to have i n  o r d e r  
LO implement t h e  two independent  parameter fo rmula t ion .  By comparing what w e  
Ileve t o  v h ~ t  w e  would l i k e  t o  have, the  "fix" t o  NASTRU will become e v i d e n t .  
We start by making t h e  impor tan t  o b s e r v a t i o n  t h a t  tile d e s i r e d  g e n e r a l  con t inu-  
ous v i s c o e l a s t i c  form of  e q u a t i o n  ( 2 )  can be d e r i v e d  from t h e  u s u a l  e l a s t i c  
derivation f o r  t h e  dynamfc e q u a t i o n s  of e l a s t i c i t y  ( r e f .  ( 4 ) ) .  T h i s  i s  
accomplished by fo l lowing  t h e  e l a s t i c  d e r i v a t i o n  of r e f .  (4)  w i t h  the modif ica-  
t i o n  t h a t ,  i n  p l a c e  of t h e  u s u a l  i s o t r o p i c  s t r e s s - s t r a i n  law (i.e. Eq. ( l l ) ) ,  
we use 
r 
where [GI: i s  t h e  same e x p r e s s i o n  a s  [GI except a l l  r s u p e r s c r i p t s  are rep laced  
e 
with  i superscripts f o r  t h e  A ,  IJ e n t r i e s .  S i m i l a r l y ,  i n  t h e  f i n i t e  element 
+ 
fo rmula t ion ,  a l l  w e  need do  i s  replace t h e  u s u a l  [GI: m a t r i x  i n  the s t i f f n e s s  
i d e r i v a t i o n  w i t h  [~]i+i [ G I  e. Thus, t h e  e l e n e n t  s t i f f n e s s  becomes 
[K], = [c lT(  [ ~ 1 > [ ~ 1 : 1 [ ~ 1 d x d y d z  
.I 
L - . 
Term l...Usunl e l a s t i c  s t i f f n e s s  Term 2 . . , v i s c o e l a s t i c  d i s s i p a t i o n  
c o n t r i b u t i o n  t o  [El of  Eq.  (8) .  c o n t r i b u t i o n  t o  [El of e q u a t i o n  (8) .  
Now wo iire 111 n p o s ' t i o ~ l  t o  b u t l d  t h c  d c v i r c d  two i n d r p c n i l o n t :  pauatnatcr v i sco-  
olczst3c f i n l t c  clcmsnt . Tllc r o ~ a l  coaplcx clctiicnt c o n t r  Lbut. tot~,  [K],, , t o  t h e  
r; 
ossembLcd ~ n n t r i s  i n  c t l u u t i o t ~  ( 9 )  is formed i n  two par t s  th rough  t h e  cl-cution 
o f  izn overlapping c~oublc  viscoe l .nsc ic  c lo~nen t .  'l'11:Ls d o ~ ~ b l c  el.c~ncnC is sliowu 
scl~crnatllca.l.ly f11 P.Fguro (3)  (a two d i a ~ c n e i a n a l  cl.eracuc .Is shown o n l y  f o r  
cunvcnLoi~cc).  It; consists o f  two i c l cn t i ca . l ly  shnparl elca~cnt: occupying t11c errtile 
phys:Lcul spncc ot~d  hnvLng chc snlut? n o ~ l n l  n~n11bol:s b u t  dl.EPercuC o;Len~cnr nulnlccs 
ancl diCierenc o\nter.i.u.L i d e r ~ t i f : L c ~ ? ~ i o n  cnrcls (bhYl'1. f o r  3-d  elc~nc.nCs nncl PlAT2 
for: 2-cI cl:l.caent;s), Our goill i s  to Lct one of t h e  ovcrl-ripping e l c ~ l r e l ~ r s  .form t h e  
Tena-1 e l a s t i c  con(rr:Llut:iol~ nl' E q ,  (.1.2b) nrlrl ~ I I L ?  o ~ h e ~ -  Lorr~~ t h e  'Ycrnl-2 v:Lsco- 
eLnst LC d i s s i p n  t i o u  cot11;rlbu~io11. III ngrecrncnl: w i t h  t h e  notu  tioir of P;l.gurr; (3) ,  
IJC refer  t o  the? l i r s t  o v t ! r I ; ~ ~ ~ ~ i . n g  ol.c~me~~t: as  t h e  "~ ' . l . r l s t lc  c.lernent" nncl clle 
seconrl n s  t h e  ' t tartsslcss d i s s : i p n t i a n  clcrncnt". 'l'hc ortly p n r c  chat: ccmn:Lus is to 
define C11e input C O I I S ~ ~ I I ~ ~  011 I I C  bbYlil (or PU'C2 ) carcls so t l ln t  Tcrnr-1 atirl 
'Serer-2 :In cc[uatlons (.L2b) a rc  p~ :opcr ly  Fortmed. @lore s p c c : l f i c n l l y ,  t h e  r n~Pona9c  
f o r  t h e  s a : l . c c t i o ~ ~  O F tile bWl'1. (or  PIAT2 ) c o n s t n n t s  f o l l . o \ ~ s  Frot~t s e e k i n g  out n 
scl: o f  lmramr tc r s  For thc tl 1 . ~ 1 ~  tntltris l.11 ~ q t ~ n k f a n  (1.0), (nnn\e.Ly t h e  Q nnrl r: c F' 
cal i tpoua~~ts  oE t h e  c l .nscic [ G I  ' matr:Ls which nl-e c o n t r o l l e d  by t h e  user: through 
e 
s e l a c c i o ~ ~  of  Lhc :Lnl>ut va r i ab le s  on t h e  ~?pp~oprfntc E.lt\'.l'i c a r d s )  thnc  r ~ i l l .  
i 
result In t h e  da,si.rcd [GI ru,~tr.L:i i n  '1kn11-2 of cquntion (1Zb). The t r en tmcnt  
C 
Is s l i g h t l y  d i f f e r c u t :  f o r  tliroc o r  two  t l i ~ ~ t c n s i o n a  t. elcrnents ,  consetlucntl.y we  
treat: the111 one nl: R Li.nre. 
@ Tlic e l a s t i c  alelment c o n t r i b u t i o n  i s  abtn lnec l  by setking t h e  Eoll.owing 
pncuaiet?rs on u blr\TI. c a r d :  
1 s c t  lunss d e n s i t y  (RIIO) = a c t u a l  lnnss c l c n s i t y  O F  v i s c o e l o s t i c  
rnn r el: in1 
(13 )  
2)  s e t  I.ass Eoctur  (GI":) = 0.0 
3) s e t  I.: = u ' (3~r+21i") / (~r+~r ' )  
@ 'l'he anssl.css d i s s i p n  tlon o.lene11 L car  ~ i - i b t ~ ~ i o i ~  is obtained by s e t  ring L11e 
fol.S.ol~ing parameters on a n o t l ~ e r  @WK1 cnrcl  spccinlly ear~irnrkcd for t h i s  
secoild o v c r l n p p i n g  e l e a r e t ~ t :  
1) set  innss deus:i.t;y (litlo) = 0.0 ( z e r o  t o  a v o i d  claublc! c o ~ ~ n t i n g )  
i 2 )  s e t  l o s s  CncCor rlE B (GB) = h / E  ( 1 4 1  
3)  set  E = ~ ~ ( 3 4 - 2 ~ )  / ( 1 - k ~ )  
where E is an a r b i t r a r y  parameter  that is  selected ernall as d e s i r e d  (bu t  n o t  
z e r o ) .  The s ~ n a l l  E parameter removes t h e  elastic c o n t r i b u t i o n  of t h e  massless 
d i s s i p a t i o n  clement. A suggested va lue  f o r  E i s  that  it is  on t h e  o r d e r  o f  
10,000 tines s m a l l e r  t h a n  the larger of t h e  reel components hr o r  pr. 
The i n t e r e s t e d  r e a d e r  i s  i n v i t e d  t o  tack s u b s L i t u t e  t h e  above values f o r  E, 
G, and CE (e .g ,  ri ) into t h e  Q. [ G ] ~  matrix formed by NhSTRAN i n  conJunccion E E e 
with  e q u a t i o n  (1) t ihere  i t  can be, e a s i l y  ver i f ied t h a t  t h e  results reduce 
(independent of t h e  E choice)  exactly t o  t h e  desired two independent  parameter 
i 
matrix [GI employed i n  Eq . (12b) . The stnallness of E only  e f f e c t s  the unwanted 
e  
e l a s t i c  stiEEness cone r ibu t ioz~  of the massless d i s s i p a t i o n  element a l r eady  
accounted For i n  t h e  "elas t i c  elenlent". 
l'wo Dimensional Elements 
The e l a s t i c  element c o n t r i b u t i o n  i s  ob ta ined  by s e t t i n g  t h e  following 
parameters on a MAT2 card: 
1) set  mass d e n s i t y  (RHO) = a c t u a l  mass d e n s i t y  of v i s c o e l a s t i c  
m a t e r i a l  
2 )  set l o s s  f a c t o r  (GE) = 0.0 
3 )  set G L ~  = hr+2pr 
G I 2  = h r  
G I 3  = 0.0 
G22 = lr 
G23 = C.0 
G33 = p' 
@ The massless d i s s i p a t i o n  element c o n t r i b u t i o n  i s  o b t a i n e d  by s e t t i n g  the  
fo l lowing  parameters on a n o t h e r  M T 2  ca rd  s p e c i a l l y  earmarked Eor t h i s  second 
o v e ~ l a p p i n g  element:  
1) se t  mass d e n s i t y  (RHO) = 0.0 
2) set lass factor  qE 5 (GE) = A ~ / E  
(16) c o n t ' d  
where a s  w i t h  t h e  t h r e e  d imens iona l  e lement ,  t h e  E i s  an a r b i t r a r y  para-  
meter t h a t  is  se lec ted  small as d e s i r e d  ( b u t  no t  z e r o ) .  See 3-d element write- 
up f o r  a  s u g g e s t e d  E v a l u e .  
DEMONSTRATION PROBLEM 
Next  we cons ider  a d e m o n s t r a t i o n  problem t o  i l l u s t r a t e  t h e  implementa t ion 
and accuracy of the two i n d e p e ~ ~ d e n t :  pa ramete r  l o s s  f a c t o r  v i s c o e l a s t i c  elements 
d e s c r i b e d  i n  the p r e v i o u s  secribn. The problern i s  t o  d e t e r m i n e  t h e  scattered 
and t r a n s m i t t e d  p r e s s u r e s  for a water-submerged s t e e l  p l a t e ,  (covered with a 
c o n s t a n t  thickcness l aye r  of  v i s c o e l a s t i c  m a t e r i a l ) ,  s u b j e c t  t o  an  i n c i d e n t  
plane wave n o r m 1  t o  the p l a t e  a s  i l l u s t r a t e d  i n  f i g u r e  (1). The problem i s  
tractable from a c l o s e d  form s o l u t i o n  p o i n t  of view, c o n s e q u e n t l y ,  an indcpend- 
e n t  check on t h e  NASTRAN s o l u t i o n  i s  avai lable .  Fur the rmore ,  e x p e r t m e n t a l  
results are a l s o  a v a i l a b l e  t o  f u r t h e r  back up the accuracy of t h e  physical 
r e p r e s e n t a t i o n  of t h e  v i s c o e l a s t i c  m a t e r i a l .  
Exact S o l u t i o n  
The e x a c t  s o l u t i o n  to this problem can i n i t i a l l y  be t r e a t e d  as a n  o rd ina ry  
one d imens iona l ,  s m a l l  de fo rmat ion  wave p r o p a g a t i o n  problem. The effect of 
v i s c o e l a s t i c i t y  can be i n t r o d u c e d  by r e p l a c i n g  t h e  wave speed c w i t h  cd = + d 
cd (l+ind) . The s o l u t i o n  t o  t h e  problem i l l u s t r a t e d  i n  f i g u r e  (I) i s  c a r r i e d  
our  e x a c t l y  l ike  t h e  problem given i n  r e f .  (5) ,  page 136,  e x c e p t  t h a t  two f i n i t e  
t h i c k  p l a t e s  ( r a t h e r  than one)  i s  submerged in t h e  f l u i d .  The o r i g i n  (at x=O) 
i s  l o c a t e d  at the r i g h t  face of the visc~elastic l a y e r  (Sx t o  t h e  l e f t ) .  The 
back  s i d e  f l u i d  i s  denoted as media ( 4 ) ,  steel p l a t e  a s  ( 3 ) ,  the v i s c o e l a s t i c  
layer as ( 2 )  and the f r o n t  s i d e  f l u i d  as ( 1 ) .  The thickness of  t h e  s teel  p l a t e  
is  R 3  and t h e  v i s c o e l a s t i c  layer i s  R The f o l l o w i n g  re la t ions  d k f i n e  the 2 
v a r i o u s  waves p r e s e n t  i n  the problem: 
i (wt-klx) (pil l  I AL e Incident wave i n  (1) 
i (w t+klx ) Scattered wave i n  ( 1 )  (psI1 = B1 e 
Transmit ted wave i n  (2) 
i (wtf k2x) S c a r r e r e d  wave i n  (2) (P,)* ' B2 e 
( 1 7  c o n t ' d )  
i (wt-kg (x-a2) ) Transmi t t ed  wave i n  ( 3 )  ( P ~ ) ~  = Ag @ 
i (wt+k3 (x-b, ) ) S c a t t e r e d  wave i n  (3)  ( P , ) ~  = B 3  e L. 
i(ot-k4(x-Pp-Xg)) Transmi t t ed  wave i n  (4 )  ( P , ) ~  = A4 e  
where i n  t h e  f l u i d  p  is  p r e s s u r e  and i n  the s o l i d ,  p i s  t h e  n e g a t i v e  of the 
stress a i n  t h e  x d i r e c t i o n .  The k q u a n t i t i e s  are d e f i n e d  as: 11 
where c d l '  'd2' 'd3' 'd4 are the r e a l  d i l a t a t i o n a l  wave speeds  of the  f o u r  
materials and n i s  t h e  d i l a t a t i o n a l .  l o s s  f a c t o r  ( e q u a t i o n  (5 ) )  of t h e  v i sco-  d2 
e l a s t i c  layer. The s i x  unknown B1, A2, B2, A 3 ,  B3, A4 can be determined from 
e q u a t i n g  p r e s s u r e  and pa r t t c l e  velocities a t  the t h r e e  interfaces. thus pro- 
v i d i n g  six equa t ions  LO b a l a n c e  t h e  s i x  unknowns. A l l  r e s p o n s e  var iables  a r e  
r e f e r r e d  t o  the i n c i d e n t  wave amplitude A1, thus A i s  not cons idered  a n  
unknown i n  t h e  problem. 1 
The q u a n t i t i e s  of i n t e r e s t  a r e  t h e  s c a t t e r e d  p r e s s u r e  in t h e  i n c i d e n t  s i d e  
Eluld  (qed ia  1) and t h e  t r a n s m i t t e d  p r e s s u r e  i n  t h e  back side fluid (media 4 ) .  
After a l g e b r a i c a l l y  s o l v i n g  for t h e  c o n s t a n t s  we o b t a i n  
S c a t t e r  pressure amplitude 2 B /A = ( c ~ A ~ ~ - c ~ A ~ ~ ) ; ( A ~ ~ A ~ ~ - A ~ ~ A ~ ~ )  1 1  (19) 
Transmitted p r e s s u r e  ampl i tude  r A /A  = (A k -A A C )/(A21AL2-AllA22) 4 1 21 3L21 32 11 2 
where C = -cos(k % )+i r12Sin(k2!L2) ; r 1 2 = ~ 2 ~ d 2 / ~ 1 c d l ;  r1 2 2 = P C  / P C  34 4 d4 3 d3  
F i n i t e  Eleinen t S o l u t i o n  
The f i n i t e  dement r e p r e s e n t a t i o n  of the  f i g u r e  (1) problem i s  shown i n  
CLgure ( 2 ) .  The procedure  f o r  r e p r e s e n t i n g  t h e  i n f i n i t e  dolnain of  f l u i d  on the 
E r o ~ ~ t  and back s i d e  of t h e  submerged p l a t e  i s  given i n  derail i n  r e f .  ( 6 ) .  
B r i e f l y ,  i t  consists of u s ing  a p lane  wave boundary c o n d i t i o n  a t  t h e  mesh 
t e r m i n a t i o n  of t h e  form p=pc ir where fi is the  normal p a r t i c l e  velocity and p i s  d 
t h e  trotal p r e s s u r e  a t  t h e  mesh t e r m i n a t i o n .  The nodes a long  t h e  o u t e r  bound- 
aries a r e  c o n s t r a i n e d  t o  tuove o n l y  i n  t h e  d i r e c t i o n  o f  wave propaga t ion .  The 
f i g u r e  ( 2 )  sketch is drawn t o  s c a l e  and r e p r e s e n t s  the a c t u a l  number o f  elements 
used i n  the problem. A l l  eletriellts employed i n  t h e  nrodel a r e  comprised o f  CQDEIEM 
q u a d r a l a k e r a l  e l ements .  The v i s c o e l a s t i c  zone i s  made up from the o v e r l a p p i n g  
d o u b l e  e lements  desc r ibed  e a r l i e r  i n  the paper  ( e , g .  a t y p i c a l  vv. lscoelas t ic  
e lement  i s  i l l u s t r a t e d  i n  f i g u r e  ( 3 ) ) .  
Comparative R e s u l t s  
The den~ons tration problem ( b o ~ l ~  analytical and finite e lement )  was e v a l u a t e d  
w i t h  the  f o l l o w i n g  s e t  of physical c o n s t a n t s  
T a b l e  1 - DEEIONSTRATION PROBLEF1 PHYSICAL CONSTANTS 
The v i s c o e l a s t i c  c o n s t a n t s  were e v a l u a t e d  by W, Madaiposky at NSWC. F o r  the 
NASTRAN colnputer r u n ,  t h e  water and s tee l  p l a t e  properties were entered on a 
MAT2 c a r d .  The e l a s t i c  e n t r i e s  Gll, G12,  e t c ,  correspond to the column and 
row da ta  i n  the f i rs t ,  second and sixth (colunms and rows) of rhe [ G ] ~  m a t r i x  
e 
filA'l'E RIAL 
T?a t e r  
S reel 
V i s c o e l a s t i c  
Material 
h 
psi 
345,600. 
17,307,000. 
86,703. 
wr 
p s i  
0.0 
11,538,000. 
115.9 
2- 
p s i  
0.0 
0.0 
41,736.8 
v I. 
psi 
0.0 
0.0 
11.6 
P 
2 4 lb-scc /in 
.000096 
.000735 
.0003599 
1 
of e q u a t i o n  (11). The v i s c o e l a s t i c  da ta  were e n t e r e d  on two s e p a r a t e  hlAT2 
c a r d s  cor respond ing  t o  t h e  p rocedure  d e s c r i b e d  by e q u a t i o n s  (15) and (16) .  An 
E parameter  of  E = 4 .16  was used i n  c h e  a c t u a l  r u n .  The non-dimensional  r e s u l t s  
a r e  shown i n  Table  2 .  
The s i g n i f i c n n c c  of  t h e  added v i s c o e l a s t i c  l a y e r  on t h e  s c a t t e r e d  and 
e rans in i t t ed  p r e s s u r e  i s  s e e n  by comparing t h e  r e s u l t s  of  Tables 2 and 3 ,  where- 
i n  the  v i s c o e l a s t i c  l a y e r  has Lhe e E f e c t  of  a b s o r b i n g  a s i g n i f i c a n t  amount of  
t h e  i n c i r l e n t  energy.  The accuracy  of t h e  N A S T W  r e s u l t s  f o r  b o t h  t h e  c a s e  
w i t h  t h e  v i s c o e l a s t i c  l a y e r  and w i t h o u t  t h e  l a y e r  a r e  q u i t e  good,  A s  e x p e c t e d ,  
t h e  f i n i t e  element s o l u t i o n  a c c u r a c y  f a l l s  o f f  as t h e  i n c i d e n t  f r equency  
i n c r e a s e s .  As po in ted  o u t  by r e f .  ( 7 ) ,  f o r  problems of t h i s  type, a t  least  8 
e lements  p e r  wave l e n g t h  are needed t o  a c c u r a t e l y  model e l a s t i c  waves i n  t h e  
media. Nore i n  Table  2 that: a s  t h e  i n c i d e n t  f r equency  approaches  t h o  8 
e lements  p e r  wave lengtli  l i m i t ,  t h e  accuracy  is  s t a r t i n g  t o  d e t e r i o r a t e ,  The 
8 element p e r  wave l e n g t l ~  l i m i t  sugges ted  by r e f .  ( 7 )  was i n  t h e  absence  of  
s t r u c t u r a l  darnping; perllaps t h e  r e s u l t s  p r e s e n t e d  h e r e  s u g g e s t s  t h a t  more r l ~ a n  
8 e lements  p e r  wave l e t lg th  a r e  r e q u i r e d  f o r  s t r u c t u r a l  damping ( e . 6 .  1 2  
e lements  p e r  wave l e n g t h ) .  
CONCLUDING REPIARKS 
The procedure  o u t l i n e d  h e r e  p r o v i d e s  t h e  NASTRAN u s e r  w i t h  a n  expanded 
s t r u c t u r a l  damping c a p a b i l i t y ,  t h u s  p e r m i t t i n g  t h e  u s e r  t o  s p e c i f y  two indepcnd- 
e n c  l a s s  f a c t o r s  0 qd via  the c o n s t r u c t i o n  of t h e   overlapp pin^ doub le  v i s c o -  
s ' 
e l a s t i c  eletnent" p r o c e s s  d e s c r i b e d  i n  t h i s  p a p e l ,  The demons t ra t ion  problem 
rilows good accuracy of  t h e  p rocedure  r e l a t i v e  t t .  t h e  e x a c t  s o l u t i o n  f o r  t h e  
same problem. It i s  acknowledged t h a t  t h e r e  i s  some added s o l u t i o n  t i m e  due  t o  
t h e  added c a l c u l a t i o n  t ime  f o r  t h e  fo rmat ion  of t h e  s t i f f n e s s  of t h e  second 
o v e r l a p p i n g  e lement ;  however, t h i s  i s  a r e l a t i v e l y  i n s i g n i f i c a n t  anlount i n  
cornparisoil t o  t h e  o v e r a l l  s o l u t i o n  t i m e  of  t h e  problem. The d o u b l e  eleinent 
uses  t h e  same node numbers f o r  bot11 t h e  " e l a s t i c  element" and t h e  superimposed 
"massLess d i s s i p a t i o n  element",  consequen t ly ,  the  matrix s i z e  o r  bandwidth 
p r o p e r t i e s  are n o t  a f f e c t e d  a t  a l l .  
REFERENCES 
1. Gaunaurd, G .  C.:  "Sonar Cross  S e c t i o n  of  a Coated Hollow C y l i n d c r  I n  
Watert ' .  J. Acous t i c  Soc. Am., Vol. GI, No. 2 ,  February  1977. 
2 .  The NASTRAN T h e o r e t i c a l  Manual (Level  16.0), N a t i o n a l  A e r o n a u t i c s  and Space 
A d m i n i s t r a t i o n  r e p o r t  NASA-SP-221(03), March 1976 .  
3 .  Zienlciewicz, 0. C . ,  and Cheung, Y .  K .  : The F i n i t e  Element Method i n  
S t r u c t u r a l  and Continuum Mechanics,  McCraw-Hill P u b l i s h i n g  Co., 1968. 
4 .  S o k o l n i k o f f ,  I. S . :  Mathemat ica l  Thaory of E l a s t i c i t y ,  McGraw-Hill Book Ca., 
2d e d i t i o n ,  1956. 
d 5. KinsZer ,  L.  Em and Frey ,  A .  R . :  Pundamenrals of A c o u s t i c s ,  2 e d i t i o n ,  John 
Iqiley & Sons, I n c . ,  N e w  York, 1962.  
6.  Kal inowski ,  A .  J , :  " F l u i d / S t r u c c u r e  I n r e r o c t i o n " ,  Shoclc and Vibra t ion  
Computer Prograrns - Reviews and Summaries, e d i t e d  by W. Pi l lcey  and 
B. P i l k c y ,  The Shock and Vibration Infornint ion Center,  1975. 
7 .  Lysmer, J. and Drake, L . A . :  "A P i n i t o  Element Method for Selsniology' ' ,  
PIcthods in Conlputacional Physics, ed i t ed  by 13. Bole ,  Volun~e 11 - Seismology, 
Academic Press, New York, 1972, 
T a b l e  2 - COMPARATIVE SOLUTION RESULTS 
(with viscoelastic Layer present) 
Note that gg/" = 2.2727 (racio of steel plate-to-viscoelastic layer thickness) 
Nondimensional 
frequency; 
W113'cdl 
.6545 
3.272 
6.545 
9.817 
13.089 
Table  3 - COMPARATIVE SOLUTION RESULTS 
(without viscoelasric layer present) 
NASTRAN 
Scattered 
Pressure 
ratio 
.401 
.I91 
. l o8  
. I 2 2  
.133 
Nondimensional 
frequency; 
We3'cdl 
. 6 5 4  
3.27 
6 .54  
9.82 
13.09 
Exact 
Sca t t e r ed  
Pressure ratio 
(equation (19)) 
.398 
,190 
,104 
,113 
.I13 
NASTRAN 
S c a t t e r e d  
Pressure 
ratio 
,930 
.9 95 
.998 
,996 
,957 
Exact 
transmitted 
pressure 
ratio 
.273 
-028 
.007 
.003 
.OD3 
NASTP,AN 
transmitted 
pressure 
ratio 
.273 
,028 
.006 
.003 
.002 
Experimental 
Scattered 
pressure 
- 
- 
- 
.12 
.12 
Exact 
Scattered 
Pressure ratio 
(equation (19) ) 
.928 
.996 
.998 
.994 
.952 
Elements per 
wave length 
in elastomer 
158. 
31,6 
15.8 
10.5 
7.9 
Exact 
transmitted 
pressure 
ratio 
.373 
-090 
.Oh7 
,113 
.307 
NASTRAN 
transmitted 
pressure 
ratio 
.374 
-090 
.067 
.lL3 
.306 
Experimental 
Scattered 
p r e s s u r e  
- 
- 
- 
- 
- 
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Figure 1. Submerged P l a t e  N i t h  Viscoclast ic  Layer 
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Figu re  3 .  Overlapping Double Viscoelast ic Element 
(Quadralateral E l u n e n t  Example )  
